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Abstract-Classical Mathematics is not sufficient to justify some 

functions like Dirac's delta function, Heaviside’s unit step 

function in the mathematical modelling of some physical 

problems. Mikio Sato introduced the concept of hyperfunction 

to explain such situations. He gave a new generalisation to such 

functions using the theory of complex analysis. Hyperfunctions 

have many applications in the field of differential equations 

that are related with the physical problems involving Heat 

equation, wave equation etc. Urs Graf applied various 

transforms to hyperfunctions. With the help of these 

transforms he solved differential equations in terms of 

hyperfunctions. In this paper we defined a norm to a subclass 

of the linear space of hyperfunctions. The completeness and 

separability properties of this subfamily of hyperfunctions are 

established in this paper. Hyperfunctions of bounded 

exponential growth with compact support are mainly 

considering here.We have developed the results using the 

defining function of the hyperfunction. Hence we give a 

normed space approach to the subfamily of hyperfunctions 

having bounded exponential growth with compact support. 
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I. INTRODUCTION 

 
Mikio Sato introduces the idea of hyper-functions to 
mention his generalization of the concept of functions 
[5],[6],[7]. Stevan Pilipovic and Bogoljub Stankovic 
discussed the convergence in the space of Fourier hyper-
functionsin their paper [2].The concept of measurable [4] 
hyper-function is introduced in this paper and a norm [3] is 
defined to a subfamily of hyper-functionshaving bounded 
exponential growth with compact support. We defined the 
convergence in that subspace of hyper-function in terms of 
the new defined norm. We have established some properties 
of this convergence using the defining function of such 
hyper-functions. 
 

II. PRELIMINARIES 

 
We denote the upper and lower half-plane of the complex 
plane C by C+={z ϵ C: Iz˃0}, C-={z ϵC: Iz ˂ 0 } 
respectively. 
 

Definition1[1]:For an open interval I of the real line, the 
open subset N(I)subset of C is called a complex 
neighbourhood of I, if I is a closed subset of N(I). 
Let N+(I)=N(I)∩C+ and N-(I)=N(I) ∩C- 

Let O(N(I) \ I) denotes the ring of holomorphic functions in 
N(I) \ I. 

For a given interval I a function                     can be 
written as  
F(z)=         F+(z) for z ϵ N+(I) 
                  F-(z)  for z ϵ N-(I) 
where                and F-(z) ϵ O(N-(I)), are called 
upper and lower component of F(z) respectively. In general 
the upper and lower component of F(z) need not be related 
to each other. If they are analytic continuations from each 
other,  we call F(z) a global analytic function on N(I) and 
we can write F+(z)=F-(z)=F(z) 
 

Definition2[1]: Two functions      and      in           
are equivalent if for z ϵ N1(I) ∩ N2(I), G(z)=F(z)+ φ(z), with 
φ(z) ϵ O(N(I)) where N1(I) and N2(I) are complex 
neighbourhoods of I of F(z) and G(z) respectively. 
 

Definition 3[1]: An equivalence class of functions F(z) ϵ 
O(N(I) \ I) defines a hyper-function f(x) on I. Which is 
denoted by f(x)=[F(z)]=[F+(z),F-(z)]. F(z) is called defining 
or generating function of the hyper-function. 
The set of all hyper-functions defined on the interval I is 
denoted by B(I). 

B(I)= O(N(I) \I)\ O(N(I)) 
 
A real analytic function φ(x) on I is defined by the fact that 
φ(x) can analytically be continued to a full neighbourhood 
U containing I i.e. φ(z) ϵ O(U).For any complex 
neighbourhood N(I) containing U, B(I)=O(N(I)\I)\A(I), 
where A(I) is the ring of all real analytic functions on I. 
Thus a hyper-function f(x) ϵ B(I) is determined by a 
defining function F(z), which is holomorphic in an 
adjacent(small) neighbourhood above and below the 
interval I, but is only determined up to a real analytic 
function on I. 
For F(z), sometimes at x ϵ I0 I the limit, 
limԑ→0+{F+(x+iԑ)-F-(x-iԑ)}exists. A point x ϵ I\I0 is called a 
singular point and a point x ϵ I0 is called a regular point of 
the hyper-function. At a regular point, a hyper-function f(x) 
has a function-value as an ordinary function. Hence 
f(x)=F(x+i0)-F(x-i0)=limԑ→0+{F+(x+iԑ)-F-(x-iԑ)},provided 
the limit exists. 
 

Definition 4[1]: A real analytic function   (x) is a function 
which is holomorphic in a full neighbourhood of the entire 
real axis i.e. (x)   A(R). 
 

Definition5[1]:The hyper-function            , where 
          is any real analytic function, represents the 
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zero hyper-function. We denote the zero hyper-function by 
0, since it can be identified with the ordinary zero function. 
Addition of two hyper-functions                 defined 
in the following way.  
 
If                             define 

                       
Similarly scalar multiplication can be defined, for any 
                         . 
This addition and scalar multiplication are well define on 
      
 

Proposition 6:     is a linear space. 
 

Definition 7[1]:If                  is a hyper-function 
and           is a real analytic function on 
 ,then                                             
 

Definition 8[1]: For any given hyper-function 
                   its derivative in the sense of hyper-
function is defined as  

       ́      
   

  
 
   

  
  

               
    

   
 
    

   
  

 

Proposition 9: Hyper-functions are always infinitely 
differentiable. 
 

Definition 10[1]: A hyper-function      is called 
holomorphic at    , if the lower and upper component of 
the defining function can analytically be continued to a 
full(two- dimensional) neighborhood of the real point   i.e. 
the upper/ lower component can analytically be continued 
across   into the lower/upper half-plane. 
 

Definition 11[1]: Let f(x)=[ F+(z),F-(z)] be a hyper-function, 
holomorphic at both endpoints of the finite interval [a,b], 
then the (definite)integral of f(x) over [a,b] is defined and 
denoted by 

∫      

 

 

 ∫         

    
 

∫          ∮       
     

    
 

 

where the contour     
  runs in N+ from a to b above the real 

axis, and the contour     
  is in N- from a to b below the real 

axis. 
 

Definition 12[1]: Consider hyper-functions depending on a 
continuous parameter   or an integral parameter  . The 
continuous parameter   varies in some open region   of the 
complex plane and    is a limit point of  . Integral 
parameter   may vary in N or Z. Then        
                                   We say that a 
family of holomorphic functions       ,or a sequence of 
holomorphic functions       defined on a common domain 
   converges uniformlyin the interior of   to      as 
    , or    , respectively if        or       
converges uniformly to     in every compact sub domain 

of N. This uniform convergence in the interior of N is also 
called compact convergence in N. 
 

Definition 13[1]: Let                    be defined on I 
such that, for every k, equivalent defining functions Gk(z) of 
Fk(z) exist, such that G+k(z) and G-k(z) are uniformly 
convergent in the interior of N+(I) and N-(I) to F+(z) and    
F-(z) respectively. Then we write                   and 
say that the sequence of hyper-functions       converges in 
the sense of hyper-functions to     . 
 

Proposition 14:If a limit in the sense of hyper-functions 
exists, it is unique. 
 

Definition 15[1]: Let      is a hyper-function having a 
compact support       with defining function        
           . Its upper and lower components are analytic 
continuations from each other. Such a hyper-function is 
called a perfect hyper-function. 
 

Definition 16[1]: The hyper-function     
             is micro-analytic from above at      , if 
the upper component       can analytically be continued 
across the real axis to a full neighbourhood of  . Similarly, 
     is micro-analytic from below at      , if the lower 
component       can analytically be continued across the 
real axis to a full neighbourhood of   . 
 

Definition 17[1]: Let ∑   be the largest open subset of the 
real line where the hyperfunction             is 
vanishing. Its complement       ∑   is said to be the 
support of the hyperfunction      denoted by         . 

Let ∑    be the largest open subset of the real line where the 
hyperfunction             is holomorphic. Its 
complement       ∑    is said to be the singular support 
of the hyperfunction      denoted by             . 

Let ∑    be the largest open subset of the real line where the 
hyperfunction             is micro-analytic. Its 
complement       ∑    is said to be the singular 
spectrum of the hyperfunction      denoted by 
              . 

Proposition 18[1]: For a hyper-function      we have 
 
                                     
 
For the following let us consider open sets         
     with some     and some      and compact 
subsets     ́               with            and 
          . Also consider the following open 
neighbourhoods          and           of    
and    respectively for some      
 
Consider the subclass       of hyper-functions      
       on   satisfying 
(i) The support          is contained in       
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(ii) Either the support          is bounded on the right by 
a finite number     or we demand that among all 
equivalent defining functions, there is one,      defined in 
          such that for any compact     there exist 
some real constant      and   such that |              
holds uniformly for all           . 
Because             and since the singular support 
          is a subset of the support, we 
have             . Therefore      is a holomorphic 
hyper-function for all     . Moreover, the fact that 
                     for all     shows that      
is real analytic on the negative part of the real axis. Hence 
            implies that                  for any 
   . 
 

Definition 19[1]: The subclass of hyper-functions       is 
called the class of right sided originals. 

 
In the case of an unbounded support         , let  
         be the greatest lower bound of all    where the 
infimum is taken over all    and all equivalent defining 
functions satisfying (ii). This number          is called 
the growth index of           . It has the properties 
(i)       
(ii) For every     there is a     with            
and an equivalent defining function      such that        

        uniformly for all           . 
In the case of a bounded support          we set       
  . 
 
Similarly, we introduce the class       of hyper-functions 
specified by 
1. The support          is contained in           
2. Either the support          is bounded on the left by a 

finite number      or we demand that among all 
equivalent defining functions there is one, denoted by 
    and defined in           such that for any 
compact subset     there are some real constants 
      and                  holds uniformly for 
           . 

 

Definition 20[1]:  The set       is called the class of left-
sided originals. 

 
In the case of an unbounded support let           be the 
least upper bound of all    , where the supremum is taken 
over all     and all equivalent defining functions satisfying 
(ii). The number          is called the growth index of 
          . It has the properties 
 
(i)       
(ii)For every     there is a     such that          

   and a definig function      such that                  
uniformly for             
 
If the support          is bounded, we set          
 

With a left-sided original            with growth index 
      and a right-sided original            with growth 
index       form the hyper-function                
whose support is now the entire real axis. 
 

Definition 21[1]: Hyper-functions of the subclass O     
are said to be of bounded exponential growth as     and 
hyper-functions of the subclass O     are said to be of 
bounded exponential growth as     . 
 
An ordinary function      is called of bounded exponential 
growth as    , if there are some real constants      
and    such that               for sufficiently large  . It 
is called of bounded exponential growth as     , if there 
are some real constants       and     such that        

        ,for sufficiently negative large    
A function or a hyper-function is of bounded exponential 
growth, if it is of bounded exponential growth for      
as well as for    . 
 

III. RESULTS 

 

Proposition1:For a perfect hyper-function 
                       
                                         
 
As ordinary functions, hyper-functions also has the 
following properties. 
Note: Here onwards we are considering a sub family of 
perfect hyper-functions having bounded exponential growth 
with compact support on    .We denote it by   

     
 

Proposition 2:    
    is a linear subspace of      

 

Definition 3:  For               
    the norm function 

      
       is defined as  

                  
                            
                                                 
         
 

Proposition 4:  
    is a normed linear space. 

 

Definition 5: A sequence               in   
    is a 

Cauchy sequence in   
    if for every     there exists 

     such that           whenever         
 

Definition 6: A sequence               in   
    is a 

convergent sequence in   
    if for every           

   as     and             in   
     

 

Proposition 7:   
    is a complete normed linear space. i.e. 

  
    is a Banach space 

 

Proposition8: The set of al1 real valued hyper-functions 

            in    
    is separable. 

Proof: Set all hyper-function in   
     taking rational 

points values in     will be a countable dense subset of 
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Definition 9: A hyper-function               
     is 

called measurable if      is measurable. 
 

Proposition 10: Let                           
     

are non-negative, real valued and measurable hyper-
functions. If            then∫        ∫        
 

Proposition 11: Let                          be a 
sequence of hyper-functions in    

     and      
         where            then ∫                
  as     in the sense of hyper-functions. 
All the above propositions can be proved using the norm 
defined above and applying the existing results for the 
defining function of the exponentially bounded hyper-
functions. 
 

IV. CONCLUSION 

 
Some characteristics of   

     are studied here.  
    is a 

Hilbert space if there exists a surjective linear isometry in 
the subspace of   

     having norm less than or equal to 

1.The defined norm gave a normed space as well as metric 
space structure for    

    .  Also using the metric induced 
by the norm, a topology can be introduced in   

    . 
Hence   

     is a topological space also. 
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